Numerical solutions of the Burnett equations for hypersonic flow at high altitudes in the continuum transitional regime were not possible except for some one-dimensional flows. It is shown from both analytical investigation and numerical computations that the Burnett equations are unstable to disturbances of small wavelengths. This fundamental instability arises in numerical computations when the grid spacing is less than the order of a mean free path and precludes Burnett flowfield computations above a certain maximum altitude for any given aerospace vehicle. A new set of equations termed the "augmented Burnett equations" has been developed and shown to be stable both by a linearized stability analysis and by direct numerical computations for one-dimensional and plane-two-dimensional flows. The latter represents the first known Burnett solutions for two-dimensional hypersonic flow over blunt leading edges. The comparison of these solutions with the conventional Navier-Stokes solutions reveals that the difference is small in low-altitude low-speed flows but significant in high-altitude hypersonic flows.
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= nondimensional density, (p -PO)/PO a// = viscous stress tensor a = reflection coefficient on wall surface w = nondimensional circular frequency wi,..., o>6 = coefficients in the Burnett second-order stress terms Introduction F UTURE hypersonic vehicles, such as the National Aerospace Plane (NASP), are anticipated to involve operations at altitudes where the flow around the vehicles belongs to the continuum transitional regime and the thickness of the strong bow shock waves is a sizable or dominant part of the shock detachment distance. For flow under these conditions, computational fluid dynamics (CFD) is the main predicting tool that includes two approaches: the particulate-flow computation approach, such as the direct simulation Monte Carlo (DSMC) method of Bird 1 and the particle simulation method of Baganoff and McDonald, 2 ' 3 and the continuum approach based on conservation equations.
Compared with the continuum approach, the DSMC approach in principle can simulate all of the correct physics of the flow. However, the approach can require a relatively large amount of computer time, especially at lower altitudes. For continuum transitional flow, the advantage of the continuum CFD is its computational efficiency compared with DSMC computations. However, the conventional governing equations of the continuum approach, the Navier-Stokes equations, are appropriate only for flow in the continuum regime and become inaccurate as the flow enters the continuum transitional regime. Therefore, we need to develop some other set of constitutive equations, more advanced than the NavierStokes equations, to provide realistic continuum-flow computations for hypersonic flows at these high altitudes.
To extend the continuum approach beyond the NavierStokes level, Fiscko and Chapman 4 ' 5 reinvestigated the Burnett equations, 6 which are one higher order approximation to the Boltzmann equation than the Navier-Stokes equations. They found that the Burnett equations provide much greater accuracy than the Navier-Stokes equations for one-dimensional shock wave structure in monatomic gases. However, numerical solutions of the Burnett equations for hypersonic flow in the continuum transitional regime have not been possible for flow with very fine grids because the Burnett equations are unstable to disturbances of small wavelengths. This funda-mental instability arises in numerical computations when the grid spacing is less than the order of a mean free path and makes it impossible to use these equations to compute flows in two and three dimensions above a certain altitude for any vehicle.
The objectives of this paper are to overcome the instability of the Burnett equations and to obtain numerical solutions of the stabilized Burnett equations for practical flow problems afterwards. Guided by a linearized stability analysis, this paper develops anew set of equations termed the "augmented Burnett equations" to stabilize the conventional Burnett equations. This stability involves both analytical stability of the linearized Burnett equations and numerical stability in flowfield computations. Numerical solutions of the augmented Burnett equations are obtained for normal shock waves and for two-dimensional hypersonic flows over blunt bodies. Some of these results are compared with existing experimental data and DSMC results.
Governing Equations
Translational nonequilibrium of rarefied gas flow can be characterized by the Knudsen number Kn that is the ratio of a molecular mean free path to the macroscopic characteristic length of the flow. When Kn increases from 0 through 1 to oo, the gas flow regime changes from the translational equilibrium regime (continuum regime) through the continuum transitional regime to the free-molecule regime. The continuum transitional regime in this paper refers to the flow of Kn less than the order of 1 but not negligibly small.
The Boltzmann equation, which describes the evolution of the molecular distribution function, is the general governing equation for a monatomic perfect gas flow from the continuum to free-molecule flow regime. However, numerical solutions of the Boltzmann equation are so computationally intensive to obtain that they are limited to rarefied flow of large Kn at high altitudes. For flow at small Knudsen numbers near the continuum limit, it is more efficient to use the continuum assumption to study the flow from a macroscopic point of view.
In the continuum approach, the macroscopic governing equations are the conservation equations of mass, momentum, and energy as follows ( 
It can be shown that the macroscopic conservation equations, Eq. (1), are the lower order moment equations of the Boltzmann equation and are generally valid for flow at any Knudsen number. These equations, however, do not form a complete set of equations. The terms a// and <?/ in Eqs. (3) and (4) are the results of translational nonequilibrium effect. Additional equations relating the cr// and q f with gradients of macroscopic flow variables, i.e., the constitutive equations, are needed to close Eq. (1).
It is the constitutive relations that introduce approximations to the general conservation equations. The constitutive relations for gas at low altitudes under normal pressure are different from those at high altitudes under low pressure.
For flow at low altitudes where Kn < 1, the constitutive relations are the linear Stokes law for stress terms and the linear Fourier law for heat flux terms. The conservation equations, Eq. (1), together with these linear constitutive relations form the Navier-Stokes equations that are the governing equations in studying viscous flow at low altitudes in the continuum limit.
As the altitudes increase, however, the Knudsen number increases and the gas becomes more and more nonequilibrium. As a result, the linear constitutive relations in the NavierStokes equations become inaccurate, and nonlinear and higher order terms are needed in the constitutive relations. The second-order (with respect to Kn) constitutive relations can be derived by the Chapman-Enskog method in solving the Boltzmann equation. 
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In Eqs. (7) and (8), the coefficients o>/ and 0, can be computed by using the Chapman-Enskog expansion with a molecular repulsive force model. So far, only the coefficients for the two extreme cases-the hard-sphere gas model and the Maxwellian gas model (F<xr~5)-have been computed to a high-order accuracy as shown in Because the molecular model for a real gas falls in between the two extreme cases shown in Table 1 , Lumpkin 8 suggested using values of co/ and 0/ for real gases interpolated linearly in the temperature-viscosity exponent co from the data in Table 1 . This interpolation is first-order accurate.
The conservation equations, Eq. (1), together with the second-order constitutive relations given by Eqs. (7) and (8) are termed the Burnett equations. The Burnett equations are used in this paper to improve the accuracy of the Navier-Stokes equations for high-altitude hypersonic flows in the continuum transitional regime.
It is noted that for flow in the free molecule regime (Kn > 1), which is out of the application limit of the continuum approach of the present paper, the Burnett equations are no longer appropriate and the flow can no longer be described by the continuum approach because no constitutive relations are available to close the conservation equations. Such flows can be studied by numerical solutions of the Boltzmann equation or by the DSMC techniques.
Difficulties Associated with the Burnett Equations
Although the Burnett equations seem to be a natural extension of the Navier-Stokes equations in the continuum transitional regime, the Burnett equations have never been used successfully in practical applications. The difficulties associated with the Burnett equations, as pointed out by many authors, 9 "
12 are as follows.
Theoretical Difficulties
There are several theoretical difficulties associated with the Burnett equations. First, the Chapman-Enskog series that leads to the Burnett equations is asymptotic in the Knudsen number Kn, and the convergence properties of the series are not known. Second, there is no theoretical proof that the Burnett equations always have a positive dissipation function to satisfy the second law of thermodynamics. Third, the Burnett equations are found to be frame dependent in rotating coordinates. Fourth, the Burnett equations increase the order of the Navier-Stokes equations by one and hence are expected to require more boundary conditions, which are currently unknown. The uncertainty on the boundary conditions also raises the question about the uniqueness of the solutions of the Burnett equations for boundary value problems. Fifth, there are questions about the conventional approximation treatment of the substantial derivatives in the Burnett stress and heat flux terms and uncertainty about whether slightly different forms of the Burnett equations, such as those derived by Woods from mean free path consideration, may be preferable to the conventional form derived from the Chapman-Enskog expansion of the Boltzmann equations. 13 ' 14 All of these questions concerning the Burnett equations need to be answered. Because of these difficulties, the Burnett equations have been considered by many to be useless in fluid mechanics until Fiscko and Chapman reinvestigated them for possible applications in hypersonic flow computations.
Difficulties in Obtaining Numerical Solutions
Although some of the theoretical questions just cited are currently under investigation, the more important issue from the engineering point of view is whether the Burnett equations provide better physics than the Navier-Stokes equations as the constitutive relations of gas flow. This issue can be investigated numerically by solving the Burnett equations for continuum transitional flow. The merit of the Burnett equations can be evaluated by comparing their numerical solutions with experimental results or results from other predicting techniques such as the DSMC technique.
Many attempts have been made to solve the Burnett equations for flow structure within normal shock waves. Sherman and Talbot 15 integrated the Burnett equations for weak shock waves of M -1.9; Simon and Foch 16 obtained the Burnett shock solutions for M = 4. Fiscko and Chapman 5 obtained Burnett solutions for shock waves of some gas models of Mach number up to 50 and compared the results of the Burnett equations with Navier-Stokes, DSMC, and available experimental results. The results of Fiscko and Chapman show that the Burnett equations give a significant improvement on accuracy over the Navier-Stokes equations. These results show that the Burnett equations do improve the results of the Navier-Stokes equations when the flow belongs to the continuum transitional regime.
However, because of an inherent instability of the Burnett equations, no numerical solutions of these equations could be obtained for hypersonic flow until the work of Fiscko and Chapman. Even in Fiscko and Chapman's computations, the computations became unstable for strong shock waves or when fine computational mesh was used. This instability makes it impossible to apply these equations to practical flow problems and also raises the question that the Burnett equations may not be well posed.
The instability of the Burnett equations was analyzed by Bobylev 17 using a linearized stability analysis. Bobylev showed that the solutions of the Burnett equations are exponentially unstable to periodic perturbations when the wavelengths of the perturbations are shorter than some critical length of the order of a mean free path.
A linearized stability analysis to the one-dimensional Burnett equations is considered by assuming that the solutions of the Burnett equations are periodic in the x direction as follows:
where ( )' represents a nondimensional variable, V -(p, u, T) ' , and co has the following relation with the wavelength L : co = 4.92X/L . The condition for the Burnett solutions to be stable is 0 means that the Navier-Stokes equations are always stable for the linearized analysis. On the other hand, two branches of the trajectories of the Burnett equations go into the unstable region when L <X cr (L CT = 2.04X for the Maxwellian gas), i.e, if the wavelength is smaller than L CT9 the Burnett equations become unstable. This instability explains the difficulties in solving the Burnett equations, i.e., short wavelength numerical disturbances corresponding to a fine computational grid always make the computation unstable.
Compared with the Navier-Stokes equations, the Burnett equations are more accurate in the transition regime (Kn < 1). On the other hand, when Kn > 1 where both the Navier-Stokes and Burnett equations are not expected to apply, the NavierStokes equations are always well posed whereas the Burnett equations are ill posed or unstable. As a result, the numerical solutions of the Navier-Stokes equations are easily available, but those of the Burnett equations are very difficult to obtain because the Burnett equations are not stable to perturbations corresponding to fine grid spacing.
Augmented Burnett Equations
According to the preceding section, the Burnett equations improve the accuracy of the Navier-Stokes equations in the transitional regime but are ill posed when Kn > 1. The main goal of this paper is to stabilize the Burnett equations so that the new stabilized equations not only maintain the accuracy of the conventional second-order Burnett equations in the transitional regime (Kn < 1) but also are stable in the linearized stability analysis at any Knudsen number.
Because only second-order accuracy is needed in the constitutive relations in the present research, we choose to stabilize the Burnett equations by augmenting the Burnett stress and heat flux terms with some higher-order terms. The Burnett equations plus the augmented terms form the new constitutive equations termed "the augmented Burnett equations" as follows: (13) where off and q^ are given by Eqs. (7) and (8) . The augmented terms off and <?/ a) are chosen to stabilize the conventional Burnett equations.
To maintain the second-order accuracy, we can only add the third or higher order terms to stabilize the conventional Burnett equations. The most natural choice would be the complete super Burnett equations. However, it can be shown that the super Burnett equations, like the conventional Burnett equations, are also unstable to small perturbations when the wavelengths are smaller than some critical value. Therefore, we augment the conventional Burnett equations with some terms of third-order derivatives that are picked from the super Burnett equations but have different coefficients to ensure both analytical and numerical stability. The choice of stabilization terms is a practical one but not unique. The so-chosen one-dimensional aff and q^ are: (14) (15) PP -P where the coefficients co 7 , 0 6 , and 0 7 of the augmented terms are selected so that the new augmented Burnett equations are stable by linearized analysis. The coefficients are chosen to be those of Wang Chang, 18 for a Maxwellian gas: co 7 = 2/9, 0 6 = -5/8, and 0 7 =11/16.
We have generalized the one-dimensional augmented terms in Eqs. (14) and (15) to the following general expressions: Figure 2 shows the characteristic trajectories for both the one-dimensional and the two-dimensional augmented Burnett equations. The trajectories of the new equations are always in the stable region. Therefore, the augmented Burnett equations do stabilize the conventional Burnett equations by the linearized analysis. It is noted that the stability analysis so far has been for the linearized Burnett equations only. The nonlinear terms in the Burnett equations that are important in most of the practical hypersonic applications are not included in the stability analysis. Therefore the linearized stability analysis provides only the necessary stability condition for the nonlinear Burnett equations. Whether the nonlinear augmented Burnett equations are stable in practical computations needs to be tested. In the following section, we will test the stability properties of both the conventional Burnett equations and the augmented Burnett equations for practical numerical computations by progressively refining the computational meshes using a stable numerical method.
Numerical Solutions of Augmented Burnett Equations
Numerical solutions of the new augmented Burnett equations are obtained for both one-dimensional and two-dimensional hypersonic flows. The cases include one-dimensional hypersonic normal shock waves and two-dimensional hypersonic flows past blunt bodies. The latter cases represent the first known Burnett solutions for hypersonic flows past blunt bodies. The solutions of the one-dimensional augmented Burnett solutions are compared with the available solutions of the one-dimensional conventional Burnett results obtained by Fiscko and Chapman. The Burnett solutions are also compared with particle simulation results and experimental results. The computations show that the augmented Burnett solutions agree with the conventional Burnett results when Kn < 1 and stabilize the conventional Burnett equations when Kn is much larger than one. The numerical computations also show that it is necessary to use the augmented Burnett equations to obtain stable numerical solutions.
The implicit line Gauss-Seidel iteration method for the Navier-Stokes equations 19 is used to solve the Burnett equations. The inviscid terms in the conservation equations are computed by using the flux-splitting method, and all of the viscous terms, including the Burnett terms, are computed by using central difference approximations.
Since the issue of the surface boundary conditions for the Burnett equations has not been resolved, two-dimensional hypersonic flows past blunt bodies are chosen to be our test cases. For these test cases, the Burnett terms are important mainly in the nonequilibrium region within the bow shock waves, which are away from the wall. In the boundary layers, the flow is almost in equilibrium, and the Navier-Stokes equations are accurate and the higher order Burnett terms are negligible. Hence the higher derivative terms play a negligible role in solving the flow equations near the wall, and the solutions of the Burnett and Navier-Stokes equations are almost identical near the wall. The Maxwell/Smoluchowski slip boundary conditions, which are first-order accurate, are used for the Burnett equations in the present computations (in Cartesian coordinates): 
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The subscript 5-represents the flow variables on the wall surface. For this study, complete accommodation is assumed, i.e., a= 1 and a= 1. Because of space limitation, only the main results of the Burnett equations are presented in this paper. Additional results can be found in the complete paper. 
Hypersonic Shock Wave Structure
We have computed the hypersonic shock wave structure in a monatomic gas with the molecular weight of argon by using the conventional Burnett equations and the augmented Burnett equations to test the stability of both equations and to compare their results with those of the conventional Burnett equations obtained by Fiscko and Chapman.
We tested the stability of the conventional Burnett equations and the augmented Burnett equations by progressively refining the computation mesh (increasing the number of grid points within a fixed length). The computations were made for Mach 20 shock waves in Maxwellian gas, since this gas model had exhibited the most severe instabilities in Fiscko's work. We started the computations for the shock structure from a 20-grid-point coarse mesh spanning a computational domain of 100 mean free paths. The computations for both the conventional Burnett equations and the augmented Burnett equations were stable for this coarse mesh. Shock profiles were obtained for both equations. Then we computed the same shock structure with more grid points spanning the same length. The conventional Burnett equations became unstable when the number of grid points exceeded 87 for this case. This critical grid point spacing corresponds to Ax/A = 0.83. In contrast, the computations of the augmented Burnett equations were stable for all of the numbers of grid points tested (up to 6000 grid points, the largest number tested, which corresponds to Ax/X<0.01).
The stability test shows that the conventional Burnett equations are unstable to short wavelength perturbations. On the other hand, the augmented Burnett equations stabilize the Burnett equations in the numerical computations for shock wave structure.
We next computed the argon shock wave structure for Mach numbers ranging from 1.59 to 50.0 disregarding the effect of ionization, with Pr = 2/3, y = 5/3, and /*oc r°-72 for the monatomic gas. Figure 3 shows the inverse density thickness of the shock waves. The inverse density thickness of the augmented Burnett equations agrees well with Fiscko's conventional Burnett results. As pointed out by Fiscko, the results of the Burnett equations are always closer to DSMC than the Navier-Stokes equations. The results show that the augmented Burnett equations maintain the second-order accuracy of the conventional Burnett equations for computing shock wave structure. Besides the shock profiles of the augmented Burnett equations for argon presented in this paper, Lumpkin and Chapman 21 recently have used the augmented Burnett equations to compute the shock structure in hard-sphere and Maxwellian gases for Mach numbers up to 50. They obtained similar results for the augmented Burnett equations.
Hypersonic Flow Past Two-Dimensional Cylinders
We have extended the computations for the one-dimensional shock wave structure to plane-two-dimensional flows. The first problem is supersonic and hypersonic flows past cylindrical leading edges. Freestream conditions of the two-dimensional hypersonic flows past cylindrical leading edges are the standard atmosphere at various altitudes ranging from continuum to transitional regime, with Pr = 0.72, 7= 1.4, and the Sutherland viscosity law. Figure 4 shows the density distributions along the stagnation streamline for flow in the continuum regime. The flow conditions are M^ = 4.0 and Kn^ = 0.67 x 10~4, where the Knudsen number is based on freestream conditions and the radius of the cylinder. Since Kn^ < 1.0, the flow belongs to the continuum regime. Therefore it can be accurately described by the Navier-Stokes equations (except in the thin region within the bow shock wave). The figure shows that the Burnett equations give essentially the same results as the Navier-Stokes equations at this low altitude case. Figure 5 shows the temperature distributions along the stagnation streamline for the flow at a larger Knudsen number. The flow conditions are altitude = 75 km, M w = 10.0, Kn^ = 0.102, and T wall = 1000.0 K. Since the Knudsen number increases from 0.67 x 10~4 of the last case to 0.102 of the present case, the Navier-Stokes equations begin to be inaccurate. The figure shows that the difference between the Burnett equations and Navier-Stokes equations is evident and appears mainly in the bow shock away from the wall. Meanwhile, the results of the augmented Burnett equations agree well with the conventional Burnett equations. Hence, the augmented Burnett equations maintain the accuracy of the conventional Burnett equations when the solutions of the latter equations are possible.
Figures 6 and 7 show the temperature contours for the Navier-Stokes equations and the augmented Burnett equations. The figures show that the two-dimensional augmented Burnett equations result in a thicker bow shock wave. Figure 8 shows temperature distribution along the stagnation streamline for the flow at a still larger Knudsen number. The flow conditions are the same as in the preceding case except altitude = 90 km and Kn<» = 1.185. The flow in this case is well into the continuum transitional regime. The difference between the augmented Burnett equations and the Navier-Stokes equations becomes significant in this case. Meanwhile, the computations for the augmented Burnett equations are stable, whereas the computations for conventional Burnett equations are unstable. These results show that the augmented Burnett equations stabilize the conventional Burnett equations in two dimensions, and the difference between the Burnett and Navier-Stokes solutions is negligible at low altitudes but becomes larger as altitudes increase, mainly within the bow shock waves. It is noted that Tannehill and Eisler 22 solved the two-dimensional Burnett equations in 1976 for hypersonic flow over a flat plate with sharp leading edge, which was the first two-dimensional attempt with these equations. Their computations were necessarily restricted to a coarse mesh because of computer limitations at that time. The evenly spaced mesh sizes in their computations corresponded to Ax/X^ = 4.8 and Ay /X= 1.9, which are larger than the minimum value AX/A! = 0.83 for shock computation stability. Therefore, their computations may not have run into an instability problem because of the relatively coarse mesh used. It is also noted that they used different surface boundary conditions for the Burnett equations (Schamberg 23 boundary conditions) than for the NavierStokes equations (Maxwell/Smoluchowski 9 boundary conditions), and obtained results for the Burnett equations that appeared worse than for the Navier-Stokes equations. In contrast, one-dimensional hypersonic shock structure tests, which involve no uncertainty about boundary conditions, have shown the Burnett results to be much better than the NavierStokes results.
Hypersonic Flow Past a Double Ellipse
We have computed two-dimensional hypersonic airflow past a double ellipse in the transitional regime. The same problem was computed by Feiereisen 24 using the particle simulation method of Baganoff. In Feiereisen's computations, hard-sphere model and a rotational nonequilibrium model of collision number 2 were used. We use the same models to compute the flow by using the augmented Burnett equations and compare our results with Feiereisen's.
The flow conditions are: Af* = 25.0, Kn w = 0.28, angle of attack = 30 deg, 7^ = 13.5 K, and T w = 620.0 K. Because of the low ^ and T w , the vibrational mode of the air flow is assumed to be frozen and only translational and rotational nonequilibrium need to be considered for this case.
Although the Burnett equations have only been derived for the monatomic gas, Lumpkin 8 demonstrated that the Burnett equations plus a rotational nonequilibrium model provide satisfactory shock wave structure for a diatomic gas such as nitrogen. Therefore, we used the Burnett equations to model the translational nonequilibrium for the viscous stress and translational heat transfer and used first-order equations for the rotational heat transfer, with separate translational and rotational temperatures. 
Conclusions
A new set of equations termed the augmented Burnett equations has been developed to overcome the instability of the conventional Burnett equations to disturbances of small wavelength. We have computed both one-dimensional shock wave structures and two-dimensional flows past blunt leading edges by using the augmented Burnett equations and compared the Burnett results with available experimental, DSMC, and Navier-Stokes results. The main conclusions are as follows:
1) The augmented Burnett equations are always stable in the linearized stability analysis as well as in both one-and two-dimensional numerical tests produced to date.
2) The augmented Burnett equations maintain the accuracy of the conventional Burnett equations in the continuum transitional regime.
3) Comparison of the Burnett solutions with the conventional Navier-Stokes solutions reveals that the difference is small in low-altitude low-speed flows but significant in highaltitude hypersonic flows.
4) Further research is needed to resolve many remaining theoretical questions about the applicability and limitation of the Chapman-Enskog-Burnett expansion solutions of the Boltzmann equations, such as the issue of boundary conditions for the high-order Burnett equations, and the uniqueness of the solutions of the Burnett equations for boundary value problems; the conventional approximation treatment of the substantial derivatives in the Burnett stress and heat flux terms; and whether slightly different forms of the Burnett equations, such as those derived by Woods from mean free path consideration, may be preferable to the conventional form derived from the Chapman-Enskog expansion of the Boltzmann equation.
